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This ar t ic le  provides  a review of the theoret ical  and experimental  re fe rences  devoted to the 
thermal  conductivity of gas mixtures  at low t empera tu res .  We discuss  the influence of quan- 
tum effects on the thermal  conductivity of gas mixtures .  

In investigating the thermal conductivity of gas mixtures under conditions in which the effect of ther- 

mal oscillations is particularly weakened we note unique quantum properties which enable us to ascertain 

a number of new effects whose observation would be impossible at higher temperatures. 

At low temperatures, in calculating the thermal conductivity of a mixture, we must take these quan- 

tum effects into consideration. Deviation from the results of classical theory is a result of: 

I) diffraction effects whose contribution to the thermal conductivity of the mixture is a function of the 

de Broglie wavelength ~ = .h/2~fukT as a ratio of the molecular diameter; 

2) the symmetry effects whose contribution to the thermal conductivity of the mixture is a function of 

the de Broglie wavelength as a ratio of the molecular mean free path. 

The diffraction effects are not significant in the temperature range 200-300~ and the effects of sym- 

metry are not significant above 2~ 

The state of the v-component gas mixture is completely described by the distribution function f(r, v, t) 

which is a solution of the Boltzmann equation and which, with consideration of the quantum effects of the 

gas mixture, has the form [2] 

Of~ q ~ v ~ - -  = 2~ [f;:)(1 + (}~:~1(1 q- Oj f j ) - - :d j (1  § 0~:;)(1 q-Off})la(gu, x) sin xdxdvj. (1) 
Ot Or . 

Having solved this equation, we can derive the expression for  the thermal  conductivity of the gas mix-  
ture  in t e rms  of the coll ision integrals .  Both in the c lass ica l  and quantum theory, the integrals  9(n,t) a re  
found f rom the expression 

0 

In the c lass ica l  theory 7 2 = #g2/2kT; in the quantum theory  7 2 = h2~42/8~r2t~kT. 

In c lass ica l  theory  the basic problem which a r i ses  in the calculations of the t rans fe r  p roces se s  is the 
determination of the deflection angle X(b, g) as a function of the coll ision pa rame te r  b and the initial relat ive 
veloci ty  g. 

In the quantum theory of t r ans fe r  p roces se s  the basic problem is the determination of the radia l -wave 
phase-shi f t  function ~l(~), with the phase shift serving as the only charac te r i s t i c  of coll ision included in the 
formulas  for  the t r ans fe r  coefficients.  
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Fig. 1. T h e r m a l  conductivity of the 
PH2- �9 mix tu re  (W/re" deg) at v a r i -  
ous t e m p e r a t u r e s :  a)1.85~ b)3.7~ 
c) 7.4~ d) l l . I ~  e) 14.8~ f) 
18.5~ g) 22.2~ 1) data der ived  
f r o m  (6); 2) data der ived  f r o m  (7). 

form 

In f i r s t  approximat ion  [2] the phase  shift  is der ived in the 

j ~1] (34 )  = ~ V zig ~- 1 ) -  ~rm-@ ( V  x 2 -- fz  ( r ) -  n) dr. ( 3 )  

r m 

Let us t r a n s f o r m  the quantity ~][/1] de te rmined  f r o m  (3): 
~Z 

i ~ (  n ) 2 E / ( / - i - l )  / 2~'~ 2 g)(r]-dr 
+ -A ~ eo ~ r 2 ~ A*] eo 2 

r m 

24 ) [; - -  l ~-2g 2 so uE dr=• F(r)dr- -  l - - - r -  ~- dr .(4) 

rif t rtn P 

Here  p = l  l(l  + 1)/x;•  • = {  2~ ~ 2 Eft_. f=(r)-- l(l-t-1) 
- h ' \ A *  / s o  ~ '  r 2 

( 2n ] 2 (p(r) . F(r)= 1 ~(r) p2 h 
+ \ A * ]  eo 2 ' E P ; andA*  aV--~e is the de 

Bour  p a r a m e t e r .  

When the effect ive potential  Cell(r) = q0(r) + (1/2)(ug2p2/r 2) is 
negative,  fo rmula  (4) mus t  be p re sen ted  [3] in the f o r m  

n~'](• =•  S e ( r )dr+  [F (r) - -  (1--p2/r2)i/2ldr} (5) 
rrt ~ P 

or by means  of a s i m i l a r  formula ,  if p < r m (here p = b, the 
analog of the impac t  p a r a m e t e r  in quantum mechanics) .  

The quantum effects  a r e  taken into cons idera t ion  in the col -  
l is ion in tegra l s  in the express ion  for  the c r o s s  sect ion Q(n). 

The re  a r e  s eve ra l  r e f e r e n c e s  devoted to the calculat ion of 
the quantum col l is ion in tegra ls  [4-6]. Refe rence  [4] p r e s e n t s  
the quantum coi l is ion in tegra ls  for  the 12 : 6 L e n n a r d - J o n e s  po- 
tential  

0 ] 

for  the range  of va r i a t ions  in the de Bour p a r a m e t e r  f r o m  0 to 3.5. In [5] we find the quantum col l is ion in- 
t eg r a l s  for  the L e n n a r d - J o n e s  potent ial  for  He 4 (A* = 2.67), He 4 -  He 3 C A* = 2.88), and He 3 (A* = 3.08). 

In [6] we find the quantum coll is ion in tegra l s  for  the Morse  potent ia l  

'~ ('1 = ~ {exp [ - -  2 (C/c0 (,'--,'p] - -  2 ~p  [--  (C/o)(," - -  ,'p] }, 

where  r s/or = 1 + in 2/C. 

A number  of p a p e r s  have been devoted to exper imen ta l  and theore t ica l  invest igat ions of the t h e r m a l  

conductivity of gas  m i x t u r e s  at low t e m p e r a t u r e s .  

Re fe rence  [7] gives  theore t ica l  data on the t h e r m a l  conductivity of the PH2--oH 2 mix tu re  at t e m p e r a -  
t u r e s  of 1.85-22.2~ These  data w e r e  der ived  f r o m  the f o r m u l a  for  the t h e r m a l  conductivity of a mix tu re  

of monatomic  gases :  

1 
--~ = [x~ (L JXi) + 2xix2 (L,2/X,z) + x~L2/)~zl [ x~L~ + 2x~x2M,z + x~ Lz] -1. (6) 

It should be  noted that the diffract ion effects  a r e  identical  for  the molecu les  of the components  making 
up this mix tu re  (h{ = A~ = 1.72). The pH z molecu les  (spin zero)  and the o H  2 (spin equal to 1) a r e  subject  to 
B o s e - E i n s t e i n  s t a t i s t i c s .  F igure  1 shows data on the t h e r m a l  conductivity of p H z - o H  z. 
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Fig. 2. Thermal conductivity of an He 3-He 4 mixture (W/m'deg) 
at temperatures of 1.522~ (a) and 3.009~ (b): i) data derived 
from (6); 2) data derived from (7); the points denote experiments. 

Fig. 3. Thermal conductivity of N2-Ar (a) and O2-Ar (b) mixtures 
(W/m'deg) at a temperature of 90~ I) experimental values for (a); 
II) experimental values for (b); I) calculation according to (8); 2) 

the same, but with k i = kitrans (I - 5f + 6fCp/Cpf), 6f = pDcpf/kitrans , 
where Cpf = 5/2R; 3) calculation according to (7). 

In [8] we f ind  the  t h e o r e t i c a l  v a l u e s  f o r  the  t h e r m a l  c o n d u c t i v i t y  of an  H e 3 - H e  4 m i x t u r e  at  t e m p e r a -  
t u r e s  be low 4 .09~  The  t h e r m a l  c o n d u c t i v i t y  of the  m i x t u r e  was  c a l c u l a t e d  in a c c o r d a n c e  wi th  (6). F o r  
an t t e a - H e  4 i s o t o p e  m i x t u r e  we have  A~ = 3.08, A~ = 2.67, and  A~2 = 2.88.  The  He a m o l e c u l e s  a r e  s u b j e c t  
to  F e r m i - D i r a c  s t a t i s t i c s  ( m o l e c u l a r  sp in  of 1/2); the  He 4 m o l e c u l e s  a r e  s u b j e c t  to  the  B o s e - E i n s t e i n  
s t a t i s t i c s  ( m o l e c u l a r  sp in  equa l  to 0). 

In [9] we f ind  e x p e r i m e n t a l  da t a  on the  i s o t o p e  e q u i m o l a r  He a -  He 4 m i x t u r e  f o r  the  t e m p e r a t u r e  r a n g e  
0 .531 -3 .009~  The  e x p e r i m e n t a l  da t a  w e r e  d e r i v e d  by  the  m e t h o d  of a p l a n e  h o r i z o n t a l  l a y e r .  The  ex -  
p e r i m e n t a l  c o n d i t i o n s  w e r e  such  tha t  the  de B r o g l i e  w a v e l e n g t h  was  s m a l l e r  than  the  m o l e c u l a r  m e a n  f r e e  
p a t h  b y  a f a c t o r  of a t  l e a s t  100. 

F i g u r e  2 p r e s e n t s  a c o m p a r i s o n  of the  t h e o r e t i c a l  and  e x p e r i m e n t a l  r e s u l t s  in c o n n e c t i o n  wi th  the  
t h e r m a l  c o n d u c t i v i t y  of an He a -  He 4 m i x t u r e ;  the  t h e o r e t i c a l  v a l u e s  w e r e  d e r i v e d  f r o m  (6) and  f r o m  the  
fo l lowing  f o r m u l a  [1, 10]: 

~% __ ~1 ~_ ~%2 (7) 
1 -~  ,~I2X2/XI 1 Jr- A 2 1 x l / x  2 

where 

' \ 2 / /2 ( I , ! ) *  * 

D,: - ' 2 \ T j  1 ,M:TM/ 

[11]. 
formula 

The  t h e r m a l  c o n d u c t i v i t y  of N 2 - A r  and O 2 - A r  m i x t u r e s  at  a t e m p e r a t u r e  of 90~ i s  i n v e s t i g a t e d  in 
F i g u r e  3 shows  a c o m p a r i s o n  of the  e x p e r i m e n t a l  da t a  and the  da ta  d e r i v e d  [2] wi th  the  H i r s c h f e l d e r  

~eik ~ ~ i k  
~, = s  @ "~1 --'htransq_ s (8) 

D,, x 2 i + D= x, 
1 -F: D,  2 x, Da, x z 

and formula (7). 

We see that for gas mixtures characterized by weak diffraction effects (N2-Ar: A~ = 0.226, A~= 0.186, 
A~2 = 0.209; O2-Ar: A~ = 0.201, A~ = 0.186, A~2 = 0.198) at moderately low temperatures we can use 
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Fig. 4. T h e r m a l  conductivity of 
He 4-  N 2 mix tu re  @V/re. deg) a t a  t e m -  
p e r a t u r e  of 196.66~ and at va r ious  
p r e s s u r e s :  1) 0.1 Mn/m2; 2) 10.1 
Mn/m2; 3) 20.2 Mn/m2; 4) 30.3 Mn 
/m2; 1-4) exper iment ;  1', 2', 3' ,  4') 
ca lcula t ion according  to (7). 

the c l a s s i ca l  H i r sch fe lde r  formula ,  with the col l is ion in tegra l  ca l -  
culated fo r  the c l a s s i ca l  Bol tzmann equation 

~ -  q- v, Or -- ~. ([: [i - -  f*f') g,,bdOdedv~. 
I 

Refe rence  [12] p r e sen t s  data on the t h e r m a l  conductivity of 
an He4-H2 mix tu re  at a t e m p e r a t u r e  of 90.2~ The expe r imen-  
tal  data a r e  compa red  with the theore t i ca l  data der ived f r o m  the 
Hi r sohfe lde r  fo rmula .  The overs ta ted  theore t ica l  values  for  the 
t h e r m a l  conductivity of the mixture ,  in compar i son  with the ex-  
pe r imen ta l  data, a r e  a r e su l t  of the overes t imar  of the t h e r m a l  
conductivi ty of the mix tu re  as a consequence of t rans la t iona l  de-  
g r e e s  of f r eedom.  The use  of exper imenta l  the rmal -conduc t iv i ty  
values  for  f ewer  components  in the theore t ica l  H i r sch fe lde r  f o r -  
mula yields  be t t e r  a g r e e m e n t  between the exper imenta l  and theo-  
r e t i ca l  r e su l t s .  

Analys is  of exper imenta l  data on the t h e r m a l  conductivity of 
the He4-H2 mix tu re  at t e m p e r a t u r e s  of 273.76 ~ 195.56 ~ 158.76 ~ 
128.76 ~ and 77.96~ [13] demons t r a t e  that it is highly unlikely 
that  such a min imum would be obse rved  in the re la t ionship between 
the t h e r m a l  conductivity of this mix tu re  and the concentrat ion.  

It should be  noted that the exper imenta l  data cited in [11, 12] 
we re  der ived by the hea ted- f i l amen t  method, whereas  the data in 
[13] w e r e  der ived by a coax ia l -cy l inder  method.  

In [10] we find a d iscuss ion  of the influence exer ted  by the 
quantum effects  on the t h e r m a l  conductivity of mix tu res  at low 
t e m p e r a t u r e s .  

F igure  4 shows a c o m p a r i s o n  of expe r imen ta l  and theore t ica l  values  for  the t h e r m a l  conductivity of 
the He4-N2 mix tu re  at a t e m p e r a t u r e  of 196.66~ and at p r e s s u r e s  of 0.1, 10.1, 20.2, and 30.3 1VIn/m 2. The 
exper imenta l  data have been taken f r o m  [14]; the theore t ica l  data were  der ived  in accordance  with (7). We 
see  that with a r i s e  in p r e s s u r e  the re  is an i n c r e a s e  in the d ivergence  between the exper imenta l  and t heo re t -  
ical  r e su l t s .  

We know that  for  dense gases  those a s sumpt ions  which have been adopted for  r a r e f i ed  gases  (consider-  
ation exclus ively  of the pa i rwi se  molecu la r  col l is ions,  neglect ing the molecu la r  d iamete r )  a r e  not sa t i s f ied .  
F o r  dense gases  and the i r  m ix tu re s  the following Bol tzmann equation [2] is  valid: 

0[~ ~_v~ Ora[~ ='~ ~Si' [Y (r\ 4-1dk),~(r, v;) f~(r+dk,  v~ ) - -Y( r  2-dk) fr v~)[j(r--dk, 
where  Y = 1 + 0 . 6 2 5 b 0 / ~ +  0.2869 (b0/~) 2 + 0.115 (b0/~) 3 + . . . .  b 0 = 2/3~r~d 3, and the col l is ion in tegra l s  for  
this equation will t h e r e f o r e  be  different  f r o m  the col l is ion in tegra ls  for  Eq. (1) and for  the c l a s s i ca l  Bol tz-  
mann equation. 

It should be noted that  the theore t ica l  va lues  fo r  the t h e r m a l  conductivity of the mix tu res ,  p re sen ted  
in this paper ,  were  ca lcula ted  fo r  the 12 : 6 L e n n a r d - J o n e s  potent ia l  by means  of the quantum coll is ion in- 
t eg r a l s  given in [4]. 

h 
k 

~l(• 
l 
]4 

is the Planck constant;  
is the Bol tzmann constant;  
is the reduced mo lecu l a r  mass ;  
is the phase  shift; 
is the orbi ta l  quantum number ;  
is the wave number  cha rac t e r i z ing  t h e  

N O T A T I O N  

overa l l  r e l a t ive  energy of the colliding molecule  pair ;  
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is the c lass ica l  point of rotation; 
is the in termolecular  distance; 
is the reduced initial re la t ive velocity; 
is the thermal  conductivity of the mixture; 
is the thermal  conductivity of the mixture as a consequence of t ranslat ional  degrees  of freedom; 
is the thermal  conductivity of the i - th  component as a consequence of the t ranslat ional  degrees 

of freedom; 
is the molar  concentrat ion of the i - th  component; 
is the reduced t empera tu re  
a re  the p a r a m e t e r s  of the 12 : 6 L e n n a r d - J o n e s  potential; 
is the molecular  diameter;  
is the molecular  velocity; 
is the time; 
is the unit vec tor  di rected f rom the center  of one molecule to the center  of another molecule at 

the instant of molecular  contact  on collision; 
is the second v i r ia l  coefficient for  a gas of solid spheres  with the d iameter  d; 
is the Avogadro number;  
is the molar  volume; 
is the energy.  
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